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The Shrédinger equation
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Scattering and phase shifts

Partial wave
phase shifts:
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Important dimensionless variables:
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Scatterin

g length and range
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Bound states E = giy;j
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Virial Theorem for bound states with energy E
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Radial probability density
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Some useful scales

Thermal de-Broglie wave length :

oniz \
ANT) =
( ) (:771}6[33(7:)

Delta-shell range : a Dilution parameter : na’
Delta-shell scattering length :
ag
g—1°

Hard-sphere like transport (diffusion, viscosity & thermal conductivity)
coefficients :

(g = Unitary limit : g =1

3v/2 h . 5V2 R ) 75 hkg
n = , and k= :
32 a3 64+/2 ma?
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Overview of transport properties

Table 14.2 Summary of phenomenological transport laws

Flux of Approximate

particle expression
Effect property Gradient Coefficient Law Name of law for coefficient
dn ..
Diffusion Number / Diffusivity D J,= —Dgradn Fick’s law D = 3¢l
az
, . . (h.’_\. . . !“ % "'h".\ ’ . E P
Viscosity Transverse M 5 Viscosity # y =J, = —9 - Newtonian viscosity n = ypcl
momentum @ = =
dp A dT ; . A
Thermal Energy = - = v Thermal J,=—Kgradz Fourier's law K =1iC,7l
conductivity e e conductivity K
g . dep ; . - . ng?l
Electrical { harge — = f;= (,.['.lndl.ll;'ll'b’ll}" T J_.‘. = ok Ohm’s law g = nr—
conductivity dz :
SYMBOLS: n = number of particles per unit volume ¢ = electrostatic potential
¢ = mean thermal speed = (|v|> E = electric field intensity
[ = mean free path q = electric charge
Cy = heat capacity per unit volume M = mass of particle
P, = thermal energy per unit volume p = mass per unit volume
F./A = shear force per unit area p = momentum

“Thermal Physics” Ch. Kittel / H. Kroemer
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Diffusion
-D dn,_, /dz

Shear viscosity
F/A= - n du/dy

effective dragqging force

ﬁ
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Boltzmann equation for the particle
distribution function: /' (phase space)

Equations of motion — time evolution — operator 2

V

X

\ D =0 : Liouville equation (no collisions)

Fundamental assumptions:

* Molecular chaos — no correlations

* Dilute system — encounters occur
over a small fraction of molecular

/ lifetime

_ Df =C(f,f): Boltzmann equation

: (binary collisions only)
i s 1

T 4
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The Boltzmann Equation

0
( IR V,+F- Vp1> fi = /d3p2 d&*p| d&*pl, §*(P; — B)
ot m
X Tyl (foft — fofr)
e Nonlinear integro-differential equation for f;

e EXcept in rare cases, analytical solutions not available

The collision integral on the right hand side can be cast as

C = / Py A vy — va| (do /dQ) (fof, — fofy)

e Modifications due to Pauli supression or Bose enhancement can also
be incorporated
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Variables of hydrodynamics

Basic variables: f = f(r,v,1)
(A) = /d3p Af//d?’p f (Expectation value of A)

v(r,t) = (v) (Average velocity)

0=m / v f (mass density)

O(r,t) = gm (lv — ul?) (heat flux)

P = p ((vs — u;) (v5 — uy)) (Pressure tensor)
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Dissipative hydrodynamic equations

0
a_'z +V-(pu) =0 (continuity)
O F 1 M 2
— ° — — — = P— - * -
<8t+u V)u - ,0( 3V u)+pvu

(Navier — Stokes equation )

K

V20

Cy PCy

(Heat conduction)

(Qm-v)e:—i(v-u)w
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Enskog’s approximate solution of
the Boltzmann equation

System is assumed to be only slightly disturbed from the
equilibrium state A9:

£=fO + 0+ f2) +

Boltzmann equation: F[f] =0
F[f] = FO[AQ] + F[AO AN] + FR[AO AN £2)] + ..

F(O)[f}o)] = 0 — Maxwell distribution

F(gﬂf’)/,ﬂﬂ] = 0 — first approximation
FA[0 F1) 2] = 0 — second approximation
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Transport integrals

+1
¢ do(k,0
Transport cross section  ¢\") = 27 dcosf(1 — cos" ) (%,) e
l 1, 10 lem.
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[ = =4 20 + 1) sin“(0;),
! dna?  x? {, ( ) ()
y _ ¥ 2~ (+1)(1+2)
(9y .. B = ( = PR <
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Analysisfor particleswith spin

or Integer
q(s) 2 —|__|_11 qBOS@ —|_ 28 _|_ 1 qu’rmz? g Sa
(n) _ 5 (n) S (n) f '
. or half-inteqger s.
q(s) 2 11 4Fermi T+ 25 + 1 9Bose: ger s

Here, we will present results for the case of spin-1/2 particles only.
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Shear viscosity

5 Hh |
= ‘ijvﬁﬁ'“;
) - a |
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s _ [ 4 3(7w'®®)(T) — 2w'*3)(T))?
[ff]l ) (#{22}(]1 (! I.w[,l 3}([‘) A G2 1}”’ )) —6 [wfg “(f))‘:')

and symmetry correction: x (1 — nA*(T)e(T))

» For constant cross sections, the w— integrals are T'—independent;
asaresult [n]ioocTV? as NT) o< T2
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Viscosity vsinver se scattering length
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Asymptotic trends of viscosity

( (79) (T/T)l/2 for g #1,3
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fi (7

S | <3

N 1/2
T) for g = 3.

21/31




Self-diffusion

. h 1
P =
% 32271 man’
[@]l B a 1
92 \\T) --“~”(T}‘
Dl _ 4 (5tD(T) — 2842(T))?
(9], wOD(T) (30wD(T) 4 4wty MT 8w(2(T)) — 4 (w1D(T))*

and symmetry correction: x (1 — A (T)e (f))

» For constant cross sections, the w— integrals are T'—independent;
asaresult [D];,ox T2 as M\T) oc T2,

22/31




i

logig ([D]1 /D)

Diffusion vstemperature
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Asymptotic trends of diffusion

D g
N\ 3/2
D & (T/T for g =
5 ) s ()
o (T/T) for g =
Characteristic temperature:
27 h? T
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Effective physical volumes

g mnD n mnD /n

2 154/2 4
1 S\fwh 5[77?1 4 _ 050
4 M\ 16 X 5

: 9v2r b 5V2m h 99 _ 1 o9
104 )\ a2 111 Xa?2 520

41,3 3v21r K 5vV2r 9_120
’ 8 Ma%4 16 Xa%4 5

Table 1: First order coeffi cients of diffusion (times mn),
shear viscosity, and their ratiosfor 7' < T for select ¢'s .
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Diffusion to viscosity ratio
mn [D];/ [n]1
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>

Viscosity, n, to entropy density, s, ratio

Is there a lower limitto n/s ?

First proposal: n/s > (47)~ ! (h/kp).
Kovtun, Son & Starinets (2005)

Recent works indicate even lower limits !
Brigante et al. (2008), Buchel et al. (2008),

Kats & Petrov (2009)
What does the dilute delta-shell gas yield ?

Is there anything deep in such a limit ?
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Entropy density of a dilute delta-snell gas

s = (5/2—1In(n\*) + 0s(T) na’)nkg

5(T) — (az(QT) _Tda;(TT)> (2>3

The second virial coefficient (that includes interactions)

ap(T) = F 272 — 2323 (21 + 1)
[

y <€Ez/<kBT> L1 / i @esmaﬁ) |
0

T ox

where the prime indicates summation over even [’s for Bosons (—) and
odd [’s for Fermions (+4), £ Is the energy of the bound state with

angular momentum [ and £(T) = (A /a)?/(2m).
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{[nl1,2/8},,, B/Kks

Viscosity to entropy density ratio

0. .5 1. 1.5
a/asi=(g-1)/g
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L essons learned from the delta-shell gas

Our analysis is restricted to the dilute gas limit, in which two
particle interactions dominate but with scattering lengths that can
take various values including infinity .

Even at the two-body level, a rich structure in the temperature
dependence and the effective physical volume responsible for the
overall behavior of the transport coefficients are evident.

The role of resonances in reducing the transport coefficients are
amply delineated.

Improved estimates of » and s have large roles on the ratio /s |

In the dilute gas limit, /s for the delta-shell gas remains above
(4m)~th/kp .

Matching our results to those of intermediate and extreme
degeneracies which highlight the additional roles of superfluidty
and superconductivity reveals the extent to which many-body
effects play a crucial role.
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